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Abstract
The fine structure of hydrogen energy was calculated by
using the usual momentum-wavefunction relation directly,
rather than establishing the well-known Dirac wave equation.
As the results, the energy levels are completely the same as
that of the Dirac wave equation, while the wavefunction is
single component that is quite different from Dirac’s four
component wavefunction, the most important thing is that
the present calculation brings out electronic spin in a new
way which has never been reported and indicates that the
electronic spin is a kind of orbital motion.
PACS numbers: 03.65Bz, 32.10.Fn
1 Introduction
As we know, the fine structure and electronic spin in hy-
drogen atom can be exactly calculated by using the Dirac
wave equation which contains four component wavefunc-
tion, the work is a milestone in physics. Up to now, it has
been believed that electronic spin must be theocretically
specified by Dirac’s four component wavefunction, spin
concept has been developed as one of the most important
properties of elementary particles in high energy physics.
Consider a particle of rest massm and charge q moving
in an inertial frame of reference with relativistic 4-vector
velocity uµ, it satisfies[1]
uµuµ = −c2 (1)
where there is not distinction between covariant and con-
travariant components in the Cartesian coordinate sys-
tem. Eq.(1) is just the relativistic energy-momentum
relation when multiplying it by squared mass. Let Aµ
denote vector potential of electromagnetic field, substi-
tuting the momentum-wavefunction relation[2]
muµ =
1
ψ
(−ih¯∂µ − qAµ)ψ (2)
into Eq.(1), we obtain a new quantum wave equation
with single component wavefunction
[(−ih¯∂µ − qAµ)ψ][(−ih¯∂µ − qAµ)ψ] = −m2c2ψ2 (3)
Note that taking the right side of Eq.(2) as momentum-
operator to replace momentum that appears in a physical
equation is a traditional usage, but in this paper we di-
rectly use the right side of Eq.(2) as momentum as we
have done in Eq.(3). Please note that Eq.(3) is not the
Klein-Gordon wave equation.
In the recent years, H. Y. Cui[3, 4] has reported some
significant results of Eq.(3) for certain physical systems.
In this paper I point out that the fine structure of hydro-
gen energy can also be calculated by using Eq.(3), while
its wavefunction has single component in contrast with
Dirac’s wavefunction, the spin effect of electron is also
revealed by Eq.(3) when the hydrogen atom is in a mag-
netic field, the present calculation totally does not need
multi-component wavefunction for specifying electronic
spin, and indicates that we should re-recognize spin.
2 The fine structure of hydrogen
energy
In the following, we use Gaussian units, and use me to
denote the rest mass of electron.
In a spherical polar coordinate system (r, θ, ϕ, ict), the
nucleus of hydrogen atom provides a spherically symmet-
ric potential V (r) = e/r for the electron motion. The
wave equation (3) for the hydrogen atom in the energy
eigenstate ψ(r, θ, ϕ)e−iEt/h¯ may be written in the spher-
ical coordinates:
m2ec
2
h¯2
ψ2 = (
∂ψ
∂r
)2+(
1
r
∂ψ
∂θ
)2+(
1
r sin θ
∂ψ
∂ϕ
)2+
1
h¯2c2
(E+
e2
r
)2ψ2
(4)
By substituting ψ = R(r)X(θ)φ(ϕ), we separate the
above equation into
1
(
∂φ
∂ϕ
)2 + κφ2 = 0
(5)
(
∂X
∂θ
)2 + [λ− κ
sin2 θ
]X2 = 0
(6)
(
∂R
∂r
)2 + [
1
h¯2c2
(E +
e2
r
)2 − m
2
ec
2
h¯2
− λ
r2
]R2 = 0
(7)
where κ and λ are constants introduced for the separa-
tion. Eq.(5) can be solved immediately, with the require-
ment that φ(ϕ) must be a periodic function, we find its
solution given by
φ = C1e
±i√κϕ = C1eimϕ m = ±
√
κ = 0,±1, ... (8)
where C1 is an integral constant.
It is easy to find the solution of Eq.(6), it is given by
X(θ) = C2e
±i
∫ √
λ− m2
sin2 θ
dθ (9)
where C2 is an integral constant. The requirement of
periodic function for X demands
∫ 2pi
0
√
λ− m
2
sin2 θ
dθ = 2pik k = 0, 1, 2, ... (10)
This complex integration is evaluated (see the appendix
for the details), we get
∫ 2pi
0
√
λ− m
2
sin2 θ
dθ = 2pi(
√
λ− |m|) (11)
thus, we obtain
√
λ = k + |m| (12)
We rename the integer λ as j2 for a convenience in the
following, i.e. λ = j2.
The solution of Eq.(7) is given by
R(r) = C3e
± i
h¯c
∫ √
(E+ e
2
r
)2−m2ec4−λh¯
2c2
r2
dr (13)
where C3 is an integral constant. The requirement that
the radical wavefunction forms a ”standing wave” in the
range from r = 0 to r =∞ demands
1
h¯c
∫ ∞
0
√
(E +
e2
r
)2 −m2ec4 −
λh¯2c2
r2
dr = pis
s = 0, 1, 2, ... (14)
This complex integration is evaluated (see the appendix
for the details), we get
1
h¯c
∫ ∞
0
√
(E +
e2
r
)2 −m2ec4 −
j2h¯2c2
r2
dr
=
piEα√
m2ec
4 − E2 − pi
√
j2 − α2 (15)
where α = e2/h¯c is known as the fine structure constant.
Form the last Eq.(14) and Eq.(15), we obtain the en-
ergy levels given by
E = mec
2
[
1 +
α2
(
√
j2 − α2 + s)2
]− 1
2
(16)
where j =
√
λ = k + |m|. Because j 6= 0 in Eq.(16), we
find j = 1, 2, 3....
The result, Eq.(16), is completely the same as that in
the calculation of the Dirac wave equation[6] for the hy-
drogen atom, it is just the fine structure of hydrogen
energy.
3 The electronic spin
If we put the hydrogen atom into an external uniform
magnetic field B which is along the z axis with the vector
potential (Ar , Aθ, Aϕ) = (0, 0,
1
2r sin θB), then according
to Eq.(3) the wave equation is given by
m2ec
2
h¯2
ψ2 = (
∂ψ
∂r
)2 + (
1
r
∂ψ
∂θ
)2 +
1
h¯2c2
(E +
e2
r
)2ψ2
+(
1
r sin θ
∂ψ
∂ϕ
− er sin θB
i2ch¯
ψ)2 (17)
By substituting ψ = R(r)X(θ)φ(ϕ), we separate the
above equation into
∂φ
∂ϕ
+ κφ = 0
(18)
(
∂X
∂θ
)2 + [(
−κ
sin θ
− e sin θr
2B
i2ch¯
)2 + ξ(r)]X2 = 0
(19)
(
∂R
∂r
)2 + [
1
h¯2c2
(E +
e2
r
)2 − m
2
ec
2
h¯2
− ξ(r)
r2
]R2 = 0
(20)
where we have used the unknown constant κ and function
ξ(r) to connect these separated equations. Eq.(18) has
the solution
φ = C1e
imϕ, κ = im, m = 0,±1,±2, ... (21)
2
Expanding Eq.(19) and neglecting the term O(B2), we
find a constant term −mer2Bch¯ in it, by moving this term
into Eq.(20) through ξ(r) = λ+ mer
2B
ch¯ , we obtain
(
∂X
∂θ
)2 + [λ− m
2
sin2 θ
]X2 = 0
(22)
(
∂R
∂r
)2 + [
1
h¯2c2
(E +
e2
r
)2 − m
2
ec
2
h¯2
− meB
ch¯
− λ
r2
]R2 = 0
(23)
The above two equations are the same as Eq.(6)
and Eq.(7), except for the additional constant term
−meB/ch¯. After the similar calculation as the preceding
section, we obtain the energy levels of hydrogen atom in
the magnetic field given by
E =
√
m2ec
4 +mech¯B
[
1 +
α2
(
√
j2 − α2 + s)2
]− 1
2
(24)
In the usual spectroscopic notation of quantum me-
chanics, four quantum numbers: n, l, ml and ms are
used to specify the state of an electron in an atom. After
the comparison, we get the relations between the usual
notation and our notation.
n = j + s, s = 0, 1, ...; j = 1, 2, ....(25)
l = j − 1, (26)
max(ml) = max(m)− 1 (27)
We find that j takes over 1, 2, ..., n; for a fixed j (or l),
m takes over −(l+ 1),−l, ..., 0, ..., l, l+ 1. In the present
work, spin quantum number is absent.
According to Eq.(24), for a fixed (n, l), equivalent to
(n, j = l+1), the energy level of hydrogen atom will split
into 2l+ 3 energy levels in the magnetic field, given by
E = (mec
2+
meh¯B
2mec
)
[
1 +
α2
(
√
j2 − α2 + s)2
]− 1
2
+O(B2)
(28)
Considering m = −(l + 1),−l, ..., 0, ..., l, l+ 1, this effect
is equivalent to the usual Zeeman splitting in the usual
quantum mechanics given by
E = Enl +
(ml ± 1)eh¯B
2mec
(29)
But our work works on it without spin concept, the so-
called spin effect has been revealed by Eq.(28) without
spin concept, this result indicates that electronic spin is
a kind of orbital motion.
In Stern-Gerlach experiment, the angular momentum
of ground state of hydrogen atom is presumed to be zero
according to the usual quantum mechanics, thus ones
need make use of the spin. But in the present calcula-
tion, the so-called spin has been merged with the orbital
motion of the electron.
Recalling that the spin is a mysterious concept even
for very learned persons, we have come to this point:
we can understand the quantum mechanics without the
well-established spin concept, can’t we? without multi-
component wavefunction, can’t we? Bear in mind that
simplicity is always a merit for the physics.
4 Conclusion
Using equations
(muµ + qAµ)ψ = −ih¯∂µψ (30)
uµuµ = −c2 (31)
by eliminating uµ, the above equations can be written as
−m2c2ψ2 = [(−ih¯∂µ − qAµ)ψ][(−ih¯∂µ − qAµ)ψ] (32)
Using this quantum wave equation, the fine structure of
hydrogen atom energy is calculated, as the results, the
energy levels are given by
E = mec
2
[
1 +
α2
(
√
j2 − α2 + n)2
]− 1
2
(33)
j = 1, 2, ...;n = 0, 1, ...
the result is completely the same as that in the calcula-
tion of the Dirac wave equation for the hydrogen atom,
while the wavefunction is quite different from Dirac’s
wavefunction. Besides, the present calculation brings
out spin nature in a new way, indicating that electronic
spin is a kind of orbital motion. The present calcu-
lation is characterized by using the usual momentum-
wavefunction relation directly, it provides an insight into
the foundations of quantum mechanics.
A Appendix: The evaluations of
the integrations
In this appendix we give out the evaluations of the in-
tegrations appeared in the preceding section, i.e.Eq.(11)
and Eq.(15).
3
A.1 wave-attenuating boundary condi-
tion
Consider the integrand in Eq.(11), it is a multiple-valued
function, may be written as
√
λ− m
2
sin2 θ
=
√
f(θ) f(θ) = λ− m
2
sin2 θ
(34)
Suppose that λ is a real positive number, the function
f(θ) may be divided into the three regions: (0, a), (a, b),
and (b, pi), where a and b are the turning points at where
the function f(θ) changes its sign, as shown in Fig.1. we
find
0   a   b   pi          2pi   θ
f
Figure 1: The function has sign-changed points a and b.
∫ a
0
√
f(θ)dθ =
∫ a
0
√
−|f(θ)|dθ = ±i
∫ a
0
√
|f(θ)|dθ
= ±iA (35)∫ b
a
√
f(θ)dθ =
∫ b
a
√
|f(θ)|dθ = B
(36)∫ pi
b
√
f(θ)dθ =
∫ pi
b
√
−|f(θ)|dθ = ±iA
(37)
whereA and B are two real numbers, then the integration
of Eq.(11) has three possible solutions given by
∫ 2pi
0
√
λ− m
2
sin2 θ
dθ =


2(B + 2iA)
2B
2(B − 2iA)
(38)
The second branch of this result is reasonable, because
only it can fulfil the requirement that the wavefunction is
periodic function of θ. The multiple-valued result arises
from that
√
−|f(θ)| = ±i
√
|f(θ)|, like √−5 = ±i√5.
How to determine the sign of the multiple-valued func-
tion reasonably? Let us turn to our experience that we
have had in the usual quantum mechanics. Consider the
motion of a particle in a finitely deep potential well as
shown in Fig.2, there are also two turning points a and
b. If the particle moves over the turning point a or b
for E < V0 (bound states), its momentum will become
imaginary ±i|p| with uncertain sign. As we know in the
usual quantum mechanics the wavefunction is given by
V
E
V0
a        0       b     x
Figure 2: A finitely deep potential well that has two turn-
ing points a and b.
ψ(x) =


De−i
i|p|
h¯
x x < a
G sin(
|p
0
|
h¯ x+ δ) a < x < b
De−i
−i|p|
h¯
x x > b
(39)
This has involved our experience in which we have taken
plus sign for the imaginary momentum in x < a and
minus sign in x > b, to satisfy the so-called wave-
attenuating boundary condition for the regions over
the turning points.
In the followings, we use this wave-attenuating bound-
ary condition to determine the sign of double-valued
imaginary momentum: take plus sign in the region over
the left turning point, whereas take minus sign in the
region over the right turning point.
A.2 integration 1
To apply the wave-attenuating boundary condition to the
following wavefunction
X(θ) = C2e
−i
∫ √
λ− m2
sin2 θ
dθ (40)
due to wave-attenuating for the turning points, the inte-
grand must choose the signs as
∫ a
0
√
λ− m
2
sin2 θ
dθ = +i
∫ a
0
√
|f(θ)|dθ = iA (41)
∫ b
a
√
λ− m
2
sin2 θ
dθ =
∫ b
a
√
f(θ)dθ = B (42)
∫ pi
b
√
λ− m
2
sin2 θ
dθ = −i
∫ pi
b
√
|f(θ)|dθ = −iA(43)
4
thus the integration may have a real solution, actually it
may be written as
∫ 2pi
0
√
λ− m
2
sin2 θ
dθ = 2
∫ b
a
√
λ− m
2
sin2 θ
dθ = 2B (44)
In order to evaluate the definite integral of Eq.(44), we
make use of contour integral in complex plane[5]. Con-
sider a contour Cδ which is a unit circle around zero, as
shown in Fig.3, using z = eiθ, we have
 -1       0        +1
i
Cδ
θ
Figure 3: Unit circle contour for evaluating integral
I1 =
∫ 2pi
0
√
λ− m
2
sin2 θ
dθ =
∫
Cδ
√
λ+
4m2z2
(z2 − 1)2
dz
iz
=
∫
Cδ
√
λ(z2 − 1)2 + 4m2z2
±(z2 − 1)
dz
iz
(45)
As we have known that
√
f(θ)|θ=pi/2,orθ=3pi/2 =√
λ−m2, substituting z = i or z = −i into the above in-
tegrand, we find the integrand must take the minus sign.
Thus
I1 =
∫
Cδ
√
λ(z2 − 1)2 + 4m2z2
−(z2 − 1)
dz
iz
(46)
For scrutinizing the sign of the integrand over the turning
points, we have
√
f(θ) =
√
λ(z2 − 1)2 + 4m2z2
−(z2 − 1)
=
√
λ(z2 − 1)2 + 4m2z2
−(2iz)(z2 − 1)/(2iz)
=
√
λ(z2 − 1)2 + 4m2z2
−(2iz) sin θ
= i
√
λ(z2 − 1)2 + 4m2z2
2z sin θ
(47)
we find that the integrand takes plus sign over the left
turning point (θ → 0+, z → 1) and minus sign over the
right turning point (θ → pi−, z → −1), in accordance
with the sign requirement of Eq.(41) and (43).
Continue our calculation, we have
I1 =
∫
Cδ
√
λ(z2 − 1)2 + 4m2z2
−(z2 − 1)
dz
iz
=
∫
Cδ
(
1
z
− 1/2
z − 1 −
1/2
z + 1
)
√
λ(z2 − 1)2 + 4m2z2 dz
i
(48)
Now we find that the integrand has the poles at z = 0 and
z = ±1. We let the counter Cδ pass by the pole z = +1
through the interior of the unite circle, as indicated by
the dash line in Fig.3, likewise, let the counter Cδ pass by
the pole z = −1 through the exterior of the unite circle.
The deformation made for Cδ has no influence on the
integration value because the left deformation cancels the
right deformation in the integration due to the opposite
signs of the integrand near the left and right poles. Let C′δ
denote the deformed counter, we continue the calculation
by using residue theorem.
I1 =
∫
C′
δ
(
1
z
− 1/2
z − 1 −
1/2
z + 1
)
√
λ(z2 − 1)2 + 4m2z2 dz
i
=
∫
C′
δ
1
z
√
λ(z2 − 1)2 + 4m2z2 dz
i
−
∫
C′
δ
1/2
z − 1
√
λ(z2 − 1)2 + 4m2z2dz
i
−
∫
C′
δ
1/2
z + 1
√
λ(z2 − 1)2 + 4m2z2dz
i
=
∫
C′
δ
√
λ+O(z2)
z
dz
i
−
∫
C′
δ
|m|+O(z2 − 1)
z + 1
dz
i
= 2pi(
√
λ− |m|) (49)
A.3 Integration 2
To apply the wave-attenuating boundary condition to the
following wavefunction
R(r) = C3e
− i
h¯c
∫ √
(E+ e
2
r
)2−m2ec4−λh¯
2c2
r2
dr (50)
where it has also two turning points x and y from r = 0
to r = ∞ when E2 < m2ec4 (bound states), as shown in
Fig.4 where
g(r) = (E +
e2
r
)2 −m2ec4 −
j2h¯2c2
r2
(51)
we take the following signs for its asymptotic behavior,
i.e.√
g(r)|r→0 =
√
e4 − j2h¯2c2/r = i
√
j2h¯2c2 − e4/r
5
0   x             y       r
g
Figure 4: Contour for evaluating integral.
(52)√
g(r)|r→∞ =
√
E2 −m2ec4 = −i
√
m2ec
4 − E2
(53)
In order to evaluate the definite integral of Eq.(15),
consider a contour C consisting of Cγ , L−, Cδ and L
around zero in the plane as shown in Fig.5, the radius
of circle Cγ is large enough and the radius of circle Cδ
is small enough. The integrand of the following equation
has no pole inside the contour C, so that we have
Cγ   Cδ    δ  L  γ
L
-
i
Figure 5: The function has two sign-changed points x
and y.
∫
C
√
(E +
e2
z
)2 −m2ec4 −
j2h¯2c2
z2
dz =∫
Cγ
+
∫
L−
+
∫
Cδ
+
∫
L
= 0 (54)
Now we evaluate the integration on each contour with
our sign choice for the double-valued function.
∫
Cγ
=
∫
Cγ
√
(E +
e2
z
)2 −m2ec4 −
j2h¯2c2
z2
dz
= −
∫
Cγ
i
√
m2ec
4 +
j2h¯2c2
z2
− (E + e
2
z
)2dz
= −i
∫
Cγ
[
√
m2ec
4 − E2 − Ee
2√
m2ec
4 − E2
1
z
+O(
1
z2
)]dz
= i
2piiEe2√
m2ec
4 − E2 = −
2piEe2√
m2ec
4 − E2 (55)
∫
Cδ
=
∫
Cδ
i
√
m2ec
4 +
j2h¯2c2
z2
− (E + e
2
z
)2dz
= i
∫
Cδ
√
m2ec
4z2 + j2h¯2c2 − (Ez + e2)2
z
dz
= i
∫
Cδ
√
j2h¯2c2 − e4 +O(z)
z
dz
= i(−2pii)
√
j2h¯2c2 − e4
= 2pi
√
j2h¯2c2 − e4 (56)
Because the integrand is a multiple-valued function,
when the integral takes over the path L− we have z =
ei2pire0i, thus
∫
L−
=
∫ δ
γ
√
e−i2pi(...) = −
∫ δ
γ
=
∫ γ
δ
=
∫
L
(57)
For a further manifestation, to define z −H = w = ρeiβ ,
where
H =
m2ec
4r2 + j2h¯2c2 − E2r2 − e4
2Ee2
(58)
we have
∫
L−
=
∫
L−
√
2Ee2
√
z −H
z
dz =
∫
L−
√
2Ee2
√
w
z
dz
=
∫
L−
√
2Ee2ρeiβ/2
z
dz
=
∫
L(γ→δ)
√
2Ee2ρei(β+2pi)/2
zei2pi
d(zei2pi)
= −
∫
L(γ→δ)
√
2Ee2ρeiβ/2
z
dz
=
∫
L(δ→γ)
√
2Ee2ρeiβ/2
z
dz =
∫
L
(59)
where we have use the relation of z and w in the fourth
step of the above equation, as shown in Fig.6, to note
that w rotates around zero with z. Thus we have
∫
L
=
1
2
(
∫
L
+
∫
L−
) = −1
2
(
∫
Cγ
+
∫
Cδ
)
=
piEe2√
m2ec
4 − E2 − pi
√
j2h¯2c2 − e4 (60)
6
i 
z  w 
O     H     r 
Figure 6: Unit circle contour for evaluating integral
Thus Eq.(15) becomes
1
h¯c
∫ ∞
0
√
(E +
e2
r
)2 −m2ec4 −
j2h¯2c2
r2
dr
=
piEα√
m2ec
4 − E2 − pi
√
j2 − α2 (61)
where α = e2/h¯c is known as the fine structure constant.
A.4 discussion: the motion over turning
points
Following the sign change for imaginary momentum over
turning points, discussed in the preceding section, we find
that the periodic condition or standing wave condition in
hydrogen atom may written as
2
∫ b
a
√
λ− m
2
sin2 θ
dθ = 2pik (62)
1
h¯c
∫ y
x
√
(E +
e2
r
)2 −m2ec4 −
λh¯2c2
r2
dr = pis (63)
because the integrations in the regions over the turn-
ing points are eliminated automatically. What are their
physical meanings ? A direct explanation is that it is not
necessary for the electron to enter the regions over the
turning points, in compliance with classical physics.
In addition, the residue theorem we used in the pa-
per gives out accurate results for our integrations, not
approximate ones.
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